Waves develop amplitude change during the propagation. For the simplest case, this has been shown by bichromatic waves, waves that contain two frequencies. The waves of larger amplitudes and smaller frequency differences showed more significant amplitude deformation. The amplitude deformation can be explained from the so-called side band interactions. Perturbation method for diffusive and 2122
Introduction
Waves show amplitude deformation during the propagation. In the oceans, this implies the phenomenon of freak waves (rogue waves or sometimes extreme waves), waves which reveal large amplitudes at some positions for some period of time. Although the presence of freak wavers is rare, they are responsible for some ship accidents. For example the freak wave collision with the ship in the Agulhas current analyzed in [1] . Waseda et al. analyzed that freak waves observed during several ship accidents reported in [2] . Therefore, information of the presence of freak waves is important for offshore activities. The presence has been often reported in media. Nikolkina and Didenkulova [3] collected and analyzed freak waves reported in media in 2006-2010. Takuji Waseda et al. [4] conducted deep water observation of freak waves in the North West Pacific Ocean. Zakharov et al. [5] conducted a study on the statistics of arising of freak waves on a surface of an ideal heavy fluid is studied.
To understand better the large amplitude deformation of waves, experiments have been conducted in hydrodynamics laboratories. Waves were generated and measured at several points. The signals of the waves at all points were studied. In this case, the relation among the signals was analyzed. For the simplest case, one might expect that a signal at one point was a translation of the other. Some simple waves evolve as expected, and can be considered as a linear relation of signals discussed in [6] . However, some bichromatic waves show that the relation of the signals is much more complicated. An experiment of amplitude deformation for bichromatic waves was conducted by Stansberg in [7] . More detailed experiments and numerical simulations were reported in [8, 9, 10, 11] . It has been observed that the amplitudes and the frequency differences of the waves have been responsible for the amplitude change.
Mathematically, freak wave phenomena is often studied based on NLS equation. Slunyaev [12] applied NLS to show that there exists strong correlation between spectrum and spectral peak of the wave groups. Onorato et al. [13] applied NLS to show an angle of two wave trains which was responsible for establishing a freak wave sea. Specifically, angles between 10 ͦ to 30 ͦ are the most probable for establishing a freak wave. Cheng et al. [14] studied controllable rogue waves in coupled nonlinear Schrödinger equations with varying potentials and nonlinearities. Shrira and Geogjaev [15] consider the Peregrine soliton as a prototype of freak waves.
However, the large amplitude deformation has also been discussed from side band interaction point of view based on dispersive and nonlinear model of KdV equation [16, 17, 18] . Although some exact solutions of KdV type are available and have been discussed in several papers such as [19, 20, 21] , these kinds of methods cannot be applied to explain the amplitude change. Especially in [16] , the amplitude deformation has been explained analytically by applying perturbation method where the solution expressed in a series expansion of the amplitude. Perturbation method is often used to solve partial differential equation, especially if the equation cannot be solved exactly. One may refer to [22] and the references therein for perturbation method for nonlinear partial differential equations and diffusion equations.
In the simplest case, the solution in a series expansion of amplitude is just Stokes' approach for KdV equation, [23, page 471-473] . In Stokes wave, the convergence of the series depends on the amplitude parameter and another parameter related to wave number. Because Stokes wave has only one frequency, it does not exhibit side band interaction. The side band interactions of bichromatic waves (or waves contain multi frequencies) firstly appear in the third order. These interactions contain an additional parameter that is frequency difference (or wave number difference). The parameter of wave number difference may imply the convergence of the series expansion.
Stokes' Approach for Solution of KdV Equation
and u be real function of x and t . In this paper, the model is KdV equation in the form
The focus is a solution of (1) in the form of series expansion of small parameter ε. In other word, the series expansion . The angular frequency  is also expanded in a power series
1 cos
Notation cc. stands for complex conjugate. 
Equation (6) consists of resonant terms
Hence, the resonant term of (6) 
Hence, the solution of u is
where
Notes:
Second order term of (13) There are many discussions on Jacobi elliptic function, among others [24, 25] . The reason of the discussion on Stokes' approach is to introduce the side band interaction.
Series Expansion for Bichromatic Solution
Although the idea is almost similar to Stokes' approach, the solution of bichromatic wave cannot be expanded in a function of single variable θ. It is because the solution contains two frequencies. However, the solution should be in the form
The solution of 1 u is determined in advance in the form
. Again, it is more convenient to write (16) , the frequencies are also expanded in power series
The equations (up to third orders) that depend on the hierarchical order of  are 
The solution (16) or (17) satisfies (19) , provided that 
Observe that 2  exp  2   2  exp  2   2  exp  2   2  exp  2   3  exp  3  3  exp  3   exp   exp   4   6  6   1  2  1  2  ,  2  2  ,  2   2  1  2  1  ,  2  1  ,  2   1  2  1  2  ,  2  2  ,  2   2  1  2  1  ,  2  1  ,  2   2  2  2  ,  2  1  1  1  ,  2   2  2  ,  2  ,  2  2  ,  2 
Resonant terms of (21) are
Taking these resonant terms to vanish, it gives
The third order solution is obtained from non resonant terms of (21) 
This yields a solution in the form 
Summerizing this, the solution of u up to third order is given in the form , the third order dominate the first order and so do the (2n+1)th order side band terms. For the case where the proportion of the wave number difference and the amplitude breaks the convergence of the series, another technique should be sought to explain the amplitude change.
